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ABSTRACT 

We prove the  exis tence of a P ian ig ian i -Yorke  measure  for a Markovian  

factor of a topological  Markov chain. This  measure  induces a Gibbs mea- 

sure in the  l imit  set. The  proof uses the  cont rac t ion  proper t ies  of the  

Rue l l e -Pe r ron -Froben ius  operator .  

1. I n t r o d u c t i o n  a n d  m a i n  r e s u l t  

Let S be a finite set, X = S N and a: X --* X be the shift transformation. 

For a transition matr ix  L = (gij E {0,1}: i , j  E S) we denote by XL ~ - -  

{x E X: g . . . . .  +1 = 1 Vn E N} the topological Markov chain defined by L, 

and by O'L: X L  --~ X L  the action of the shift on XL. 
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For a compact metric space Y we denote by C(Y) the space of continuous real 

functions, by ]1 IiY the supremum norm and by A/t (Y) the space of finite measures 

defined on Y. 

F o r x a n d y i n X ,  w e d e f i n e N x y = m a x { n : x k = Y k  V k < n } .  L e t ¢ : X ~  

be a potential which satisfies the usual Hhlder hypotheses, that  is, there exists 

Co > 0 and 3/E (0, 1) such that 

(1) 1¢(x) - ¢(Y)I -< Co~/N~ for any x , y  E X.  

By EL we denote the Ruelle-Perron-Frobenius operator acting on C(XL),  namely 

(2) ELf (x )  = ~ e¢(Y) f (y )  for x E XL, f E C(XL). 

yeoZl{~} 

We will denote by £~ the adjoint of the operator E L. We assume L is irreducible 

and aperiodic, namely there exists a positive number q such that  all the entries 

of the matrix Lq are strictly positive. Under these hypothesis there exists (see 

Bowen [1]) a unique number aL > 0, a unique function hL E C(XL), hL > 0, and 

a unique probability measure V L E . / ~ ( X L )  satisfying 

(3) E L h L  = O~LhL, E*LIS L = O~L1]L, vL(hL) = 1, 

and 

(4) Vf  e C(XL): I[a L-'~EL _ hLVL(f)IIxL -~ 0 when n ~ ~ .  

Now let L' = (g~j E {0, 1}: i , j  E S) be a different (irreducible and aperiodic) 

transition matrix imposing less constraints than L, that  is, g}j = 0 implies tij = O, 

hence XL C XL,. As for L there are unique aL, > O, hL, E C(XL,) with hL, > 0, 

and VL, E M (XL,) verifying the analogous properties (3) and (4) for the operator 

EL, defined as in (2). Observe that  it is enough to assume that  ¢ is defined in 

XL, to define EL and EL,. 

Now set 

X = {x E XL,: t~o,x, = 1} 

and observe that  a: X ---* XL, is a map from X onto XL,. We have a -  1 {x} = {y E 

aL,Z{x}: guo,yl = 1}, and similarly a-'~{z} = {y E aL,~{z}: lyk,y~+l ---- 1, Vk < 
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n}. Hence XL = N ~ > o a - n X L  ,, and if x • XL then _a-n{x} = aLn{X} for any 

n e N. We define the operator __£ acting on C(XL,) by 

(5) £ f ( x )  = E e¢(U)f(Y) for x • XL,, f • C(X).  
y~z-l{z} 

From the definition of £__ and £n' ,  it follows easily that  £n' (flx__) ---- £ f  for f • 

C(XL,). On the other hand, for x • XL,  f • C(X): £L( f IxL) (X)  = (£__f)(x). 

Therefore for any f e C(XL,) we have 

(6) £~, ( f l z -~XL,  ) = £___'~f and £nL(flXL ) --~ (ff.~nf)lx L. 

We recall that  if T: A ~ T A  is an expanding smooth transformation such 

that T A  contains A strictly, a Pianigiani-Yorke measure # constructed in [5] is 

a measure satisfying 

# o T  -1 = a#  

for a number a > 0. In [2] we proved that  this measure was related to the Gibbs 

measure on the Cantor set [~>_0 T - h A  by using quasi-compactness properties of 

an operator related to g-measures (for definitions see Walters [6]). This result is 

close to the work of Keller [4]. 

We are going to prove below the existence of the Pianigiani-Yorke measure for 

mixing topological Markov chains. 

We note that  the method of proof of the next theorem also gives a new proof 

for the original result established in [5]. Our main result is the following one. 

THEOREM: Let L, L' be irreducible and aperiodic and such that ~J = 0 implies 

£15 = O. Then there exists h • C(XL,) ,h  > O, such that 

£ h  : O ~ L h  , hlXL = hL (7) 

and 

(s) Vf E C(XL,): ] l a L n £ n f -  IWL(fIxL)I[x~, ~ 0 when n ~ ~ .  

Moreover aL <_ aL, and the [ollowing properties hold, for any Borel set D C XL, : 

(9) / hdvL, ~- (aLaL1)n / hdvL , for n E N, 

a - ' ~  D D 

_if (10) VL,(~-~D]¢-nXL ,) hdvL, hdvL,, 

D 

(11) pL,(D[a_-nXL ,) , (VL(XL))-lVL(1DnXL).  | 
? t --'~ O0 

) 

n -.~ oo  
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From (9) the Pianigiani-Yorke measure of a: X ---* XL, is given by 

/ h d v L ,  for D C XL, any Borel set. (12) # p y ( D )  
, I  

D 

In fact, it follows from (9) that  ~py o o "-1 = O~py; in our case ~ = O~LOCL 1 

(which is _< 1). 

Now we can write (9) in terms of conditional measures. 

(13) ~py(o'-nD[o'-nXL ,) = #py(DIXL,)  for D C XL, a Borel set. 

This property is known in the theory of Markov chains as conditional invariance, 

and property (10) means that  (the normalization of) ]Apy is the limit conditional 

measure of VL,. For these properties in the context of Markov chains see [3]. 

2. P r o o f  o f  t h e  m a i n  r e s u l t  

The proof of the theorem will follow from several lemmas. Let us first introduce 

some notation. For x E XL, define N(x)  -- inf{n: /~,X~+l -- 0}. Note that  

N(x)  = oo if and only if x E XL. 

first fix z E XL. Since L is aperiodic there exists q > 0 such that  l~q) > 0 We 

for any i , j;  one can choose a map ¢ from S to S q-1 (depending on z) such that  

for any s E S 
gs,¢l(s) = 1, 

/¢~(8),¢¢+1(8) = 1 for j = 1 , . . . ,  q -- 2, 

g¢~-1(*),~0 = 1. 

We now define ~r: XL, ~ XL by r (x )  = x when x E XL, and for x E X L , \ X L  

~(x) = (x0,. . . ,  x~(~); ¢(xN(~)); z) 

: (Xo , . . .  , XN(z), ¢I(XN(x)) ,  "'" , ~Jq-l(XN(z)), ZO, Z I , . . . ) .  

Observe that  x and ~r(x) start  with the same symbol x0. 

We denote by Cp(XL,) the set of real functions defined on XL, which are p- 

cylindrical, that  is, depending only on the first p coordinates of the point. By 

C + (XL,) we denote the subset of strictly positive functions in Cp(XL,). Note that  

for any function I E C+(XL ,) there exists B(.f) E (0, 1) satisfying B ( f )  < f < 

B ( f )  -1. We recall that  ~/E (0, 1) is the HSlder constant associated to ¢ in (1). 
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LEMMA 1: There exists c > 0 such that for any p > 0, for any k > p, and for 

any S • c+(x~,), 

--Lk$(z) < e~ ~(°). (14) e - ~ ( ' )  <_ f__kSOr(x)) 

Proo~ We shall use the fact that  for finite sets of strictly positive numbers 

(cl)iel, (di)ieI we have 

Eel  
• ci I __iEl (mill  - - ,  max--Ci 

~ d i  E \ ieI di let d~ 
iEI 

For xo E S we define I(xo;k)  = { ( x _ k , . . . , x - 1 )  E Sk: G,z~+~ = 1 for i = 

- k , . . . , - 1 } .  Note that  since L is irreducible, I(xo; k) is non-empty. Below we 

denote by x ( - k ,  - 1 )  = ( x - k , . . . ,  X-l) ,  and i fy  • S N we denote by (x ( -k ,  -1 ) ;  y), 

the point of S N with coordinates ( x - k , . . . ,  x - l ,  Yo, Yl,-.-). We have 

(15) ~k/(x) = ~ eE,% ~(~(-'.-l);x)/(x(-k, -1); ~). 
x(-k,-1)el(xo;k) 

Since x and r(x) begin with the same symbol x0 we get 

LkS(~) [ ~,(~(-k.-,;~)-,(x(-,.-~);.(~)) S(~(-k,-ll;x) ] < max (e ~=1 
LkS(~(x))-~(-k,-,~/(~o;k)[ S(x(-k,-11; ~(~))J 

Since f is p-cylindric, and k > p, we have 

S(x(-k, -1); x) = 1. 
f ( x ( -k ,  -1) ;  lr (x)) 

On the other hand, (x(-i,  -1); x) and (x(- i , -1);r(x))  coincide in the first 

i+g(x) coordinates, therefore [ ¢ ( x ( - i , - 1 ) ;  x)-C(x(- i , -1);  r (x ) )  I < co7 i+N(*). 
This implies 

k 

I¢(z( - i ,  -1) ;  x) - ¢ ( x ( - i , - 1 ) ;  ~(~))l < c7 N(~) 
i=1 

oo i with c = Co ~ i=1  7 • It follows that 

k__kS(x) < eC"/N(=)" 
__L'V(~(X) ) -- 

In an analogous way we prove the inequality > e -~N( ')  • I 
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LEMMA 2: There exists r E (0, 1) and c(f)  > 0 such that ,  for any n > 2p and 

for any f E C+(XL), we have 

_l~+if(x) 
e -~(f): <_ a L ~ <_ :(f): for a11 x E XL,. 

Proo£ From the results of Bowen [1] proving the exponential  convergence in 

(4) and since hL ~> 0, we conclude tha t  there exists p E (0, 1) such tha t  for any 

g E C+(XL) there exists c'(g) > 0 such t ha t  

e -d(g)pk < aLk£kLg(Y) < e d(g)pk Vy E XL, Vk > O. 
- hL(y)~'L(g) -- 

We apply  this result  to the restr ict ion flXL" Since k (_L f)lx~ : ;~: lx~  and 
~r(x) E XL we get the existence of d ( f )  > 0 such tha t  

O~Lk~---k f(7[(X))  ec,(f)pk 
(16) e -d(/)p~ S hL(Tr(X))SyL(ftXL) ~-- Vx E XL', 'i/~ > O. 

We now have for any x E XL, 

O~Ll~k+lf(x)_ ~k+If(x) f~k f(Tr(x)) OiL(k+l)£k+If('n'(X)) hL(Tr(X))Z/L(fIXL ) 
~:kf(x) ~k+lf(~r(x)) ~kf(x) hLOr(x))IZL(fIxL) OLLk~kf(Ir(x)) 

I f  k >_ p, then  by using (14) and (16) we obta in  

- l ~ k + l f ( x )  ~ e c''(I)('yN(*)+p~) for any x E XL, (17) e-C"(/)(~N(*)+"~) <_a L £_~f(x) 

with c"( f )  = 2(c + c'(f)(1 + p)). 

On the other  hand,  for k < n - 1 

--l~n+I/( x ) O~L 1 ' ~ ~ )  
~L ~ - _L - (_L :)(~) 

n--k 
¢(~(- i , -1) : )  

aL(k+')(E__k+l f ) (x ( - -n  + k,-11; x)e  '=1 
x( -n+k, -1)E l (xo ;n-k ) 

¢(~(-~,-z);~) 
E aLk(E_kf)(x(--n + k , -1 ) ;  x)e '=1 

X(-n+k,-1)e I (xo ;n-k) 

_l_Lk+lJ(x(-n + k,-1); x) 
m a x  O~ L 

x(-~+k,-1)eI(~o;n--k) £_kJ(z(--n + k, --1); x) 
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A lower bound  can be proved similarly. If  n - k > p we can use (17) and the fact 

t ha t  N(x- (n -k ) , . . . , x -1 ;x )  > i n -  k) to get 

e-C"(f)(?'~-~+P~) ~_ ol L ~n f(x) 5 for all x C XL,. 

Let k = [~]; since n > 2p we have k _> p, and also n - k > p. Taking c(f) = 

2c"(f)max(7-{,p-½) and r = max(7½,p½) < 1, since e " ( f ) ( 7 ~ - [ ~  l + p[~]) _< 

c(f)r ~ we get the result.  I 

LEMMA 3: For any  f E Up_>l Cp+(XL ') 

(i) (aLn£__'f) ,>0 is a Cauchy sequence in C(XL,), 

~Z~L-~f does not depend on the function f E Up_>l C;(XL,) (ii) _h -- l im ,~oo  "L(IIxL) 

and satisfies 

Lh = aLh.  

Proof: (i) Let  f E C+(XL,); by using L e m m a  2 we get for n > 2p and x E XL,: 

h I ~---k+lf(x)) Otz(2p+I)~___2p'I-Is(x) 
aF_ "S(x) = aZ 

\ k=2p+ l  

E ([((f)-lolL(2P+l)~(2P+l)f(x), K(f)O~L(2p+I)~_(2p+I)f(x)), 

with K(f) = e ~(S) E ~ p + l  r~. 

Since there  exists B'(f)  E (0,1) such t ha t  aL(2P+D~2P+lf(x) E 

(B ' ( f ) ,Bl ( f )  -1) we conclude tha t  there exists B"(f)  E (0,1) such t ha t  

B"(f )  < aL'~£nf(x) ~_ B"( f )  -1 for any n > 2p and x E XL,. 

Therefore  

~n-t-1 ¢ 
]]C~L(n+l)---£n+lf - t~Zn~nfllx~, = lloLLnL--nf(aLl~---~__---~ 1)llx~, 

~ B"( f ) - l ( e  c(l)r~ - 1). 

Since the series ~-~_>1 ( ec ( I )~  - 1) is summable ,  the  Cauchy p rope r ty  follows. 

(ii) Let  f i ,  f2 be  in Up~i C p T ( X L t )  • We can assume tha t  for some p, f l  and f2 

belong to C+(XL,). Take k such t ha t  k > p, and n such t ha t  n - k > p. As in 
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the proof of Lemma 2 we have 

a L n £ n f l ( x )  < max  £ k f l ( x ( - - n d -  k , - 1 ) ; x )  
OtLn~___n f 2 ( x )  - -  x ( - n h ' k , - 1 ) E I ( z o ;  n - k )  £k  f 2 ( x ( - n  + k, -1 ) ;  x) 

lYL(fl[XL) f £ k f l ( x ( - n q - k , - 1 ) ; x )  lJL(f2[XL) 

<- ~'L(/21XL)(=-<-+,> ..... "~-'~'(=°;"-') i, Z~:,-kT-i)~(x))VL(/:IxL) 
£k  f l (x(--n- t -k , - -1);  Tr(x)) hL(X(--nq- k,-1);Tr(x)) £ k  f2 (x ( -nWk , -1 ) ;Tr (x ) )  ~ 

hL(x ( - -n  +k,-1) ;  7r(x)) £__kf2(x(-n + k,-1); 7r(x)) ~ ~ "  

Then, by using (16) and (14), we get 

e-2c"/'~-~-(c'(fl)+c'(f2))p k < O~Ln~----nfl(x) I,/L(f21XL) < e2c"/'~-kd-(c'(fl)+c'(.f2))P k 
-- O~Lnfn f2(x )  I /L( f l [XL)  -- 

for any k > p, n - k > p. By taking as before k = [~] we conclude that  the above 

expression converges to 1. Therefore limn--+oo ~'-c 'f~(~) is the same for i = 1, 2. VL (fi IX L ) 
The equality £__hh : OtLh follows immediately. | 

Proo f  o f  the Theorem: Consider the h constructed in Lemma 3 (ii). From the 

proof of Lemma 3 (i) we have h > ~ for any f E C+(XL,) ,  therefore ~'L(f]x L ) 
_h > 0. From Lemma 3 (ii) it verifies/:__hh = aL_h. On the other hand, the equality 

aLn~_nf(x)  : a L n £ ~ , f ( x )  for x E X L  implies h_[XL : hL. Hence (7) holds. 

We now prove (8). From Lemma 3 we must extend the convergence from 

Cp+(XL ,) to ¢(XL , ) .  First, if f E Cp(XL,) we can decompose f : f +  - f -  with 

f +  > 0 and f -  > 0 and the result holds for f because __£~f : £ n f +  _ _E,~f- 

and leL(flxL ) = V L ( f + I X L )  - -  VL(f--IXL). NOW if g E C(XL' )  there exist f l ,  f2 E 

Cp(XL,) such that  f l  < g _< f2 and Ilfl - f211Xn, < e. The result follows because 

£n preserves the order and ]VL(fllXL) -- VL(f2[XL)] < e. 

From h > 0 on XL, we get VL, (h) > 0. Using £:L,h _> /:___hh, the convergence 

property (4) for matrix L' and relation (8) we derive the inequality O~ L ~ O~L,. 

We now prove (9) and (10). Let f , g  E C(XL,); we first observe that  

£n(fl~_--~Xn,g 0 a_ '~) = g£'~(fl~_-,Xn , ) = g£n f . 

On the other hand, for n _> 1 we have 

~ n ( f  . la__~XL, " g 0 0 "'~) = £~, ( f  . la_-~XL , • g 0 a'~). 
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Therefore 

f fgoa___ ~ dUL, = f fl~_--xL,goagaL? d(£*L~,UL ,) 
o ' - ~ X L  , X L, 

= aL' / £ L ' ( f  oh_. n) dUL, n g 

X L , (18) 
O~L ,n /£n(fl~_-,,xL, g o a_ ~) duL, 

, I  

X L , 

= aL2 / g£._._~ f duL,. 
X L , 

Now let D C XL, be a Borel set. 

Let g = 10, f = h, and using £~h = a~h in the last equalities (18) we obtain 

f la__-,,Dhdr'L , = (OLLO~L1) n f 1DhdUL,, which proves (9). 

Relation (18) also implies (taking g as before and f = 1) 

UL'(°'-riD) : / 1D°~ndUL'=aL " / 1D'(£-nlx'L )d~L'" 
a__- ~ (x L, ) xr, 

Therefore 

f 1D~. . .~nlXL , dUL, f 1DaL'~g__'~lxL, d~'g, 
VL,(a_-nD[K-nXL ,) = f lxr,~nlxr,dl/L ' ---- f lXL, aL.£_,~IxL,&,L, 

which, by (8), converges to hduL, f h_duL,. This proves (10). 
, D 

Finally, let us prove (11). We have from (18) (with g -- 1 and f = 1D) 

a - ' ~ X L  , X L, 

= (aLO~L,1) n / aL n~n(1D)duL'' 

Moreover, from (8) we have 

/ aLnL__n(1D)dVL , 
X L , 

X L I  

UL(1DnXL) / hdvL,. 
n --'+ O 0  

X L , 

Hence the result follows. | 
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Example: Consider the tr ivial  case ¢ = 0 and L '  such tha t  g~j = 1 for all i, j .  

Then  XL, is the full shift, ~L' = [S[, hL, ~ 1 and UL, is the uniform Bernoulli  

measure;  o~ L is the Per ron-Frobenius  eigenvalue of L and h(xox l .  • .) -~ Vxo where 

v = (vi: i E S) is the left Per ron-Frobenius  eigenvector of L. Now apply  (9) to 

D -- [i]o = {x E X L ' :  X 0 : i}. We have f[i]o hduL, = vi .  IS[ -1.  Oil the other  

hand, a- '~[i]o = {y E X:  gy~,y~+l = 1 for k < n and y~ = i}. Hence if we 

denote by M~ the number  # { L - w o r d s  of length n finishing a t  i}, we obta in  

UL, (~---'~[i]o) = ISI -~  • M~.  Therefore,  it follows from the theorem tha t  

- _ _  

M~ vi 
) 

E M ;  n - - . o o  E vj '  
jEs jEs 

or equivalently, if we normalize the vector  (M~: i E S), it converges to the 

normalized vector  (vi: i E S). An analogous result  holds for the right P e r r o n -  

Frobenius eigenvector of L. 
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