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ABSTRACT
We prove the existence of a Pianigiani—Yorke measure for a Markovian
factor of a topological Markov chain. This measure induces a Gibbs mea-
sure in the limit set. The proof uses the contraction properties of the

Ruelle-Perron—Frobenius operator.

1. Introduction and main result

Let S be a finite set, X = SN and 0: X — X be the shift transformation.
For a transition matrix L = (¢;; € {0,1}: i,j5 € S) we denote by X; =
{z € X: bz, 5,,, = 1Vn € N} the topological Markov chain defined by L,

and by or: X1 — X the action of the shift on X .
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For a compact metric space Y we denote by C(Y") the space of continuous real
functions, by || ||y the supremum norm and by M(Y’) the space of finite measures
defined on Y.

For z and y in X, we define Nyy = max{n: zx = yx Vk < n}. Let ¢: X — R
be a potential which satisfies the usual Holder hypotheses, that is, there exists
cg > 0 and v € (0,1) such that

(1) |o(z) — ¢(y)] < coy™=»  for any z,y € X.

By £, we denote the Ruelle-Perron-Frobenius operator acting on C(X 1), namely

(2) Lofz)y= Y, e*Wf(y) forze Xy, feC(Xy).

yeog {z}

We will denote by £ the adjoint of the operator £. We assume L is irreducible
and aperiodic, namely there exists a positive number g such that all the entries
of the matrix L9 are strictly positive. Under these hypothesis there exists (see
Bowen [1]) a unique number az, > 0, a unique function Az € C (X1),hr >0, and
a unique probability measure v € M(X ) satisfying

(3) Lihy =aphp, Livp =apvp, vi(h) =1,
and
(4) VfeC(Xy): e Lrf —heve(f)llx, =0 whenn — co.

Now let L' = (£;; € {0,1}: 4,5 € S) be a different (irreducible and aperiodic)
transition matrix imposing less constraints than L, that is, £;; = 0 implies £;; = 0,
hence X1 C Xp. As for L there are unique ars > 0, hy € C(X /) with hy > 0,
and vy, € M(Xy,) verifying the analogous properties (3) and (4) for the operator
L1 defined as in (2). Observe that it is enough to assume that ¢ is defined in
X to define £y, and Lp.

Now set
X = {.’13 € Xy el‘o,wl = 1}

and observe that g: X — X is a map from X onto X .. Wehaveo~H{z} = {y €
UZ'1{$}= by = 1}, and similarly 7" {z} = {y € op™{=z}: by e = 1 Vk <
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n}. Hence X1 =(),5p0 "Xy, and if 2 € X then ¢ ™" {z} = o7 "{z} for any
n € N. We define the_operator L acting on C(X+) by
(5) Lfx)= > eWfy) forze Xy, feCX).
yeg~H{z}
From the definition of £ and Ly, it follows easily that L1/ (f1x) = Lf for f €
C(Xyr:). On the other hand, for z € X, f € C(X): Lo(flx,)(z} = (Lf)(=).
Therefore for any f € C(X+) we have

(6) Lr(flg-nx,,)=L"f and L7(flx,)=(L"f)|x,-

We recall that if 7: A — TA is an expanding smooth transformation such
that TA contains A strictly, a Pianigiani—Yorke measure p constructed in [5] is

a measure satisfying

poT ™ =ap
for a number & > 0. In [2] we proved that this measure was related to the Gibbs
measure on the Cantor set [, 7~ ™A by using quasi-compactness properties of

an operator related to g-measures (for definitions see Walters [6]). This result is
close to the work of Keller [4].

We are going to prove below the existence of the Pianigiani—Yorke measure for
mixing topological Markov chains.

We note that the method of proof of the next theorem also gives a new proof
for the original result established in [5]. Our main result is the following one.

THEOREM: Let L, L’ be irreducible and aperiodic and such that £;; = 0 implies
£;; = 0. Then there exists h € C(X'), h > 0, such that

(7) @ = aL}l’? &‘XL = hL
and
(8) VfelC(Xy): |lag"L™f —hi(flx,)llx, — 0 whenn — oo.

Moreover aj, < oy and the following properties hold, for any Borel set D C X, :

(9) / hdvp = (aLaZ,l)"/QduL: forn € N,
o "D D
-1
1) e Dlex) — | [hd | [,
e Xy D
(11) I/Ll(Dlg—"XLl) — (VL(XL))_IVL(IDnXL). [ |

n-—+oo
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From (9) the Pianigiani—Yorke measure of g: X — X is given by

(12) ppy(D) = /hduy for D C X any Borel set.
D

In fact, it follows from (9) that upy o g~!

(which is < 1).

Now we can write (9) in terms of conditional measures.

= apupy; in our case o = aLaZ,l

(13) upyla "Dlg™" X)) = ppy(Di{X) for D C Xy a Borel set.

This property is known in the theory of Markov chains as conditional invariance,
and property (10) means that (the normalization of) ppy is the limit conditional
measure of vz,. For these properties in the context of Markov chains see [3].

2. Proof of the main result

The proof of the theorem will follow from several lemmas. Let us first introduce
some notation. For z € X+ define N(z) = inf{n: £, . ., = 0}. Note that
N(z) = oo if and only if z € X
We first fix z € X. Since L is aperiodic there exists ¢ > 0 such that Zg) >0
for any 1, j; one can choose a map % from S to S9-1 (depending on z) such that
for any s € S
Ly pys) =1,
Ly (i@ =1 forj=1,...,4-2,
e,bq_l(s),z() = 1.
We now define m: X — X, by n(z) = = when £ € X, and for z € X\ X,

77'(-'1:) = (.’1}0, ey :L'N(a:); "/’(mN(z)); Z)
= (zo,. .- s TN(z)s wl(-TN(:c))’ ceey ¢q—1($N(z))a 205 215+« +)-

Observe that = and w(z) start with the same symbol z.

We denote by C,(Xy:) the set of real functions defined on X+ which are p-
cylindrical, that is, depending only on the first p coordinates of the point. By
CJf(X1+) we denote the subset of strictly positive functions in C,(Xr+). Note that
for any function f € C}(Xy) there exists B(f) € (0,1) satisfying B(f) < f <
B(f)~'. We recall that 4 € (0,1) is the Hélder constant associated to ¢ in (1).
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LEMMA 1: There exists ¢ > 0 such that for any p > 0, for any k > p, and for
any f € C;—(XL’);

—cyN(®) ka(if) < e
T L f(n(a) T

Proof: We shall use the fact that for finite sets of strictly positive numbers

(14)

(¢i)ier, (di)ier we have

L c c

&t s .

€ ¢ (min =, max ).
Zdi i€l d; iel di
iel

For zo € S we define I{xo;k) = {(z—k,-.., 21} € 8% Ly, 5,,, = 1 for i =

~k,...,—1}. Note that since L is irreducible, I(zo; k) is non-empty. Below we
denote by z(—k,—1) = (z_k,...,z_1), and if y € SN we denote by (z(-k, —1);7),
the point of SN with coordinates (z_g, ..., Z—1,%0,¥1,---). We have

1) LE@= Y e Dok, 1)),

z(~k,—1)€I(zo;k)
Since z and 7(z) begin with the same symbol zo we get
k
_ékf(l‘) E o(z(~k,—1);x)—d(z(—1,~1);7(z)) f(.’l:(—k, ___1); :1:)

£ 7 (n (@) Sotr B o) F(@(=F, 1) 7(x))

Since f is p-cylindric, and k > p, we have
flz(=k,—1);z) _
fle(=k,—1);n(z))
On the other hand, (z(—i,—-1);z) and (z(—%,—~1);7(z)) coincide in the first
i+N(z) coordinates, therefore |¢(z(—i, —1); z) —d(z(—i, —1); m(z))| < coy* TV =),
This implies

1.

k

Y lé(e(=i, ~1);2) — $(a(—i, ~1); m(x))| < ey

=1
with ¢ = ¢p Y 50, 7. It follows that
k
f f(Z) < ecqu(‘).
L"f(n(z))
N(=)

In an analogous way we prove the inequality > =7 . ]
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LEMMA 2: There exists r € (0,1) and ¢(f) > 0 such that, for any n > 2p and
for any f € CH(XL), we have
n+l
e~ < azl%%i?) < eI forallx € X
Proof:  From the results of Bowen [1] proving the exponential convergence in
(4) and since hy, > 0, we conclude that there exists p € (0,1) such that for any
g € CF(X1) there exists ¢'(g) > 0 such that

—k rk
- (g9)p* « L Li9(y) < @Ay
€ e € Xy, Yk>0.
= ho(ylvele) ~ yeaL

We apply this result to the restriction f|x,. Since (L*f)|x, = L% f|x, and
m(z) € X1 we get the existence of ¢'(f} > 0 such that

—k rk
—e L f(n(z)) ()
16 (et <« L <P Vre Xp, VE>O0.
(16) e S @ eflx) - reA

We now have for any « € X,

(LT @) L) L (@) ag "L () ho(w(@)ve(flxs) |
Lo L) L) L) hlr@)elflx,)  ap*LFf(n(z))

If k£ > p, then by using (14) and (16) we obtain

k+1
(17) e—c"(f)("l~(z)+p’°) < azl.é:TJ(c(‘;:) S eC”(f)(’YN(z)'*'Pk) for any € XL:
L T

with ¢(f) = 2(c+ ' (f)(1 + p)).
On the other hand, for k <n —1

a_lé"“f(x) _ —1Qn_k(£k+1f)($)
LoLf(o) bRk ) ()

n—k
Y bla(=i—1)z)
ap VL) a(-n + K, ~1)2)e
z(—n+k,~1)el(zo;n—k)

= n—k
Y bl=(—i,~1)2)
ap* (L") (@(-n+ &, ~1); 2)e'=
z(—n+k,~1)€l(zo;n—k)
max zl§k+1f(x(—n+k,—l);x)'
T z(-n+k,~1)€l(zoin—k) LEfla(—n+k,—1);z)
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A lower bound can be proved similarly. If n — &k > p we can use (17) and the fact
that N(Z_(n—k),-.-,T-1;%) > (n — k) to get

n+1
=< NGt < o1 £ @) et

> U énf(l') > foralla:EXLr.

Let k = [%]; since n > 2p we have k > p, and also n — k > p. Taking c(f) =
2¢"(f) max(y~%,p™%) and r = max(y%,p?) < 1, since ¢(f)(y"~ 18] + pl3]) <
c(f)r™ we get the result. |

LemMA 3: For any f € |J,5, CF (X1/)
(i) (a;™L" f)n>o is a Cauchy sequence in C(X1),
(if) A =lim, oo % does not depend on the function f € U5, CH(Xy)
and satisfies

Lh=arh.

Proof: (i) Let f € CF(Xy+); by using Lemma 2 we get for n > 2p and z € X:

n—1
et = | T oSt ap g s
k=2p+1 £ f( )

€ (K(f)_1a2(2p+1)§(2p+1)f(x), K(f)az(2p+1)§(2p+l)f(x)),

with K (f) = ) Eapa ™

Since there exists B’(f) € (0,1) such that a;(2p+1)_ﬁ_2p+1f(:c) €
(B'(f), B'(f)~!) we conclude that there exists B”(f) € (0,1) such that
B"(fy <ap™L"f(z) < B"(f)~! for any n > 2p and = € X|-.

Therefore

Ln-{-lf
aLIW Dllx,,

< B'(f) 7 e - 1),

”az(n-H)évH-lf _ aZn_L_nf”XL, _ “al_,nénf(

Since the series > >1(e°(f )™ — 1) is summable, the Cauchy property follows.
(ii) Let f1, f2 be in Up>1 - +(Xy/). We can assume that for some p, f; and f,
belong to C}(Xps). Take k such that k > p, and n such that n — k > p. Asin
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the proof of Lemma 2 we have

ar"L hi(z) ax LEfi(e(=n+ k, —1);2)

a7 L fa(x) T e(=n+k,~1)el(moin—k) L* fo(x(—n +k,~1);x)

< velfilxs) Lrfi(e(-n+k,—1);2) vi(falx,)
— s ax

= vi(falx,) @oaaiyonz-1)€l(@oin—k) | L*fi(x(—n + k, —1);7(z)) vo(filx,)

L fi(a(=n k1) 7(z)) hy(z(—ntk-1)i7(z)) L fa(e(=ntk~1);n(z))
ho(z(=n +k-1);7(2)) L fo(x(—ntk-1);7(2) L*fala(-ntk-1);(2)) |

Then, by using (16) and (14), we get

em2er (@ () (et < FL L@ Vilfalxe) L eyt (o4 (120
T oL fa(x) vi(filx,) ~

for any k > p,n—k > p. By taking as before k = [%] we conclude that the above
expression converges to 1. Therefore lim,, o % is the same for i = 1, 2.
itXxg

The equality £Lh = aph follows immediately. n

Proof of the Theorem: Consider the h constructed in Lemma 3 (ii). From the
proof of Lemma 3 (i) we have h > %&6 for any f € Cf(Xy), therefore
h > 0. From Lemma 3 (ii) it verifies Lh = ayh. On the other hand, the equality
a;"L" f(z) = o "L} f(z) for z € X, implies h|x, = hr. Hence (7) holds.

We now prove (8). From Lemma 3 we must extend the convergence from
CY(Xrs) to C(Xy). First, if f € Cp(X1) we can decompose f = f* — f~ with
f*¥ > 0and f~ > 0 and the result holds for f because L*f = L"ft —~ L"f~
and vr(flx,) = ve(f¥ix,) — ve(f~|x,)- Now if g € C(Xys) there exist fi, f2 €
Cp(X 1) such that f; < g < fo and ||fi — f2llx,, < &. The result follows because
L" preserves the order and |vr(filx,) — vi(f2lx,)] < e.

From b > 0 on X+ we get vi(h) > 0. Using Lph > Lh, the convergence
property (4) for matrix L’ and relation (8) we derive the inequality ay < ap:.

We now prove (9) and (10). Let f,g € C(X[); we first observe that

L' flg-nx,,908") = gL (flg-nx,,) = 9L  f.
On the other hand, for n > 1 we have

LM(f lg-nx,, -g0a")=LL(f 1lg-nx,, gog").
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Therefore
[ teoar = [ flaexugo ez dicm)
a Xy Xy
= op? [ L3 (1, 9007) doi
X
(18) ‘
=apl /é"(flg—nxL,g og™) dvy
Xy
=az," / gé"fdvl,:.
Xy

Now let D C X be a Borel set.

69

Let g =1p, f = h, and using Lh = a}h in the last equalities (18) we obtain

[ 1g-nphdvp = (aparH)™ [ 1phdyy, which proves (9).
Relation (18) also implies (taking g as before and f = 1)

VL/(Q—"D) = / lpoghdvy = O!Z,n / 1p - (£n1x2)dVLl.
a (X)) Xy

Therefore

v (g " Dje™" X)) = J1pL"x, dvy = leaznngX'f’dVL'
= = J1x, LM%, dvry [1x,,a"L 1x,,dvy

-1

which, by (8), converges to ( [ hdvps J hdvr:. This proves (10).
Xp D
Finally, let us prove (11). We have from (18) (with g =1 and f = 1p)

vi(DNg™ " Xp) = / 1pdvy = az," / én(lD)dVL:
Xp
= (agop)" / a;"L™(1p)dvy.
Xy

Moreover, from (8) we have

/ainén(lb)dvv — vi(lpnx,) | hdvp.
n—oo
Xy Xy

Hence the result follows. |
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Example: Consider the trivial case ¢ = 0 and L’ such that & =1 for all 4, 5.
Then X is the full shift, ez, = |S|,hrs = 1 and vy is the uniform Bernoulli
measure; oy, is the Perron~Frobenius eigenvalue of L and h(zoz; - - ) = v, where
v = (v;: 4 € §) is the left Perron-Frobenius eigenvector of L. Now apply (9) to
D = [i]o = {z € Xp: 2o = 1}. We have f[i]o hdvp: = v; - |S|7. On the other
hand, ¢™[iJo = {y € X: £y, y,,, = 1 for k < n and y, = i}. Hence if we
denote by M the number #{L-words of length n finishing at i}, we obtain
vi{a~"io} = |S|7™ - M. Therefore, it follows from the theorem that

M V4

vp (e ™ ilole ™ X)) = C :
L,(—‘ [ ]Ol_ LI) Z M]n n—oo Z ’Uj’

JjeS Jj€ES

or equivalently, if we normalize the vector (M: i € S), it converges to the
normalized vector (v;: ¢ € S). An analogous result holds for the right Perron-

Frobenius eigenvector of L.
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